Abstract. Let g S be the Simanca metric on the blow-upC 2 of C 2 at the origin. We show that (C 2 , g S ) admits a regular quantization. We use this fact to prove that all coefficients in the Tian-Yau-Zelditch expansion for the Simanca metric vanish and that a dense subset of (C 2 , g S ) admits a Berezin quantization.
Introduction
Let M be a n-dimensional complex manifold endowed with a Kähler metric g. In the literature the function ǫ mg was first introduced under the name of η-function by Rawnsley in [31] later renamed as θ-function in [9] . A metric g on M is called balanced if ǫ g is a positive constant. The definition of balanced metrics was originally given by Donaldson [12] in the case of compact polarized Kähler manifold (M, g) and generalized in [3] to the noncompact case (see also [14] , [16] , [25] In this paper we give a second negative answer to the question by considering the Simanca metric g S on the blow-upC 2 of C 2 at the origin. The Simanca metric is a well-known and important example (both from mathematical and physical point of view) of non homogeneous complete, zero constant scalar curvature metric (see Section 2 below for details). Moreover, this metric has been a fundamental ingredient in the construction of cscK metrics on compact manifold (see [6] ).
Our main result is the following: Theorem 1.1. LetC 2 be the blow-up of C 2 at the origin endowed with the Simanca metric g S . Then (C 2 , g S ) admits a regular quantization such that ǫ mgS = m 2 .
In order to obtain an interesting corollary of this theorem (see Corollary 1.2 below) we need to briefly recall some important tools about asympotic expansions of the epsilon function. In the case of a compact Kähler manifold (M, ω) Zelditch [35] proved that there exists a complete asymptotic expansion in the C ∞ category of epsilon function:
where a 0 (x) = 1 and a j (x), j = 1, . . . are smooth functions on M . The expansion (1) is called Tian-Yau-Zelditch expansion (TYZ in the sequel). Later on, Lu [28] , by means of Tian's peak section method, proved that each of the coefficients a j (x) is a polynomial of the curvature and its covariant derivatives at x of the metric g which The assumption of completeness is necessary otherwise one can construct regular quantizations on non-homogeneous Kähler manifolds obtained by deleting a measure zero set from a homogeneous Kähler manifold (see [23] ).
can be found by finitely many algebraic operations. In particular, he computed the first three coefficients. The expression of the first two coefficients is:
where ρ, R, Ric denote respectively the scalar curvature, the curvature tensor and the Ricci tensor of (M, g). The reader is also referred to [18] and [19] for a recursive formula for the coefficients a j 's and an alternative computation of a j for j ≤ 3 using Calabi's diastasis function (see also [33] for a graph-theoretic interpretation of this recursive formula).
It is natural to study metrics with the Tian-Yau-Zelditch coefficients being prescribed both in the compact that in the noncompact cases. For instance, the vanishing of this coefficients for large enough indexes turns out to be related to some important problems in the theory of pseudoconvex manifolds (cf. [29] ). Furthermore, in the noncompact case, one can find in [26] a characterization of the flat metric as a Taub-NUT metric with a 3 = 0, while Z. Feng and Z. Tu [15] solve a conjecture formulated in [34] by showing that the complex hyperbolic space is the only Cartan-Hartogs domain where the coefficient a 2 is constant. In [27] A. Loi and M. Zedda prove that a locally hermitian symmetric space with vanishing a 1 and a 2 is flat.
For the Simanca metric (C 2 , g S ) in [27] the authors computed the a 2 coefficient (a 1 = 0 since g S has vanishing scalar curvature). Moreover, in [24] is proved that a projectively induced 4 radial Kähler metric with a 1 = a 3 = 0 (or with a 1 = a 2 = 0)
is either the flat metric g 0 or the Simanca metric g S .
Here, by using Theorem 1.1 we immediatly obtain the following: Corollary 1.2. All the coefficients a j (x), with j ≥ 1, of the TYZ expansion for the Simanca metric vanish. We also prove a result on Berezin's quantization on the dense subset C 2 \{0} ⊂C 2 equipped with the restriction of the Simanca Kähler form ω S associated to the Simanca metric g S . This is expressed by the following corollary. 4 A Kähler metric g on a complex manifold M is said to be projectively induced if exists a holomorphic and isometric (i.e. Kähler) immersion of (M, g) into the complex projective space (CP N , g F S ), N ≤ +∞, endowed with the Fubini-Study metric g F S , the metric whose associated Kähler form is given in homogeneous coordinates by
The paper is organized as follow. Section 2 contains basic facts on the Simanca metric and the proof of Theorem 1.1. In Section 3, after recalling the definition of Berezin quantization, we prove Corollary 1.3. Finally, in Section 4, after describing the well-known link between balanced and projectively induced metrics, we exhibit an example of projectively induced Kähler metric g on the blow up of C 3 at the origin such that mg is not balanced for any positive integer m.
2. The Simanca metric and the proof of Theorem 1.1
Let us briefly recall the defintion of the blow-upC 2 of C 2 at the origin as
A system of charts forC 2 is given as follows: for j = 1, 2 we takẽ
where U j = {t j = 0}, for j = 1, 2, are open subsets of CP 1 . Then we have two coordinate maps
having as inverses the parametrization maps defined, respectively, by
There are two projection maps
given by the restriction toC 2 of the canonical projections of C 2 × CP 1 . One can prove (see [30] ) that p 2 induces onC 2 the structure of complex line bundle, whose
In other words, this is the universal line bundle over CP 1 . Observe that p 1 is bijective when restricted to p
Thus we may think ofC 2 as obtained from C 2 by replacing the origin 0 by the space of all lines in C 2 through 0. The manifold p −1 1 (0) is called the exceptional divisor, and we will denote it by H. So, the restriction
is a biholomorphism, having as inverse
Take now on C 2 \ {0} the (1, 1)-form given by
We claim that the pull-back p * r (ω) of ω, a priori defined only onC 2 \ H, extends in fact to allC 2 .
The pull-back p * r (ω) is given in the coordinates (3) by
This shows that p * r (ω) extends to the wholeC 2 , as claimed. Clearly oñ C 2 \ H this form is given in local coordinates by (9) . The metric associated to (9) was introduced for the first time by S. Simanca in [32] and it is known in literature as the Simanca metric and denoted here by g S . The form (9) is denoted here by ω S . It is not hard to see that g S is a complete, zero constant scalar curvaure Kähler metric ( [32] ). Moreover (C 2 , ω S ) is a non homogeneous manifold (see, e.g. [27] ). Notice also thatC 2 is non contractible but simply-connected sinceC 2 is diffeomorphic to the connected sum C 2 #CP 2 , where CP 2 is the complex projective space CP 2 with the opposite orientation.
In order to prove Theorem 1.1 consider the holomorphic line bundle L →C 
Moreover, since H has zero measure inC 2 , one gets
where dµ(z) = i 2π 2 dz 1 ∧ dz 1 ∧ dz 2 ∧ dz 2 . Therefore, in this case, the inclusion
We are now ready to prove Theorem 1.1.
Proof of Theorem 1.1. By passing to polar coordinates z 1 = ρ 1 e iϑ1 , z 2 = ρ 2 e iϑ2 with ρ 1 , ρ 2 ∈ (0, +∞), ϑ 1 , ϑ 2 ∈ (0, 2π) one easily sees that the monomials {z 
With the substitution ρ 1 = r cos θ, ρ 2 = r sin θ, 0 < r < +∞, 0 < θ < π 2 one finds a product of one variable integral:
For the first integral we have (see [1, page 255 (6.1.1)])
For the second intergral, by (see [1, page 258 
hm j+k≥m is a orthonormal basis for the Hilber Space (H m , ·, · hm ).
For the epsilon function one obtains
and this proves the theorem.
Berezin quantization and the proof of Corollary 1.3
Let (M, ω) be a symplectic manifold and let {·, ·} be the associated Poisson bracket. A Berezin quantization (we refer to [7] for details) on M is given by a family of associative algebras A where the parameter (which plays the role of the Planck constant) ranges over a set E of positive reals with limit point 0. Then in the direct sum ⊕ ∈E A with component-wise product * , there exists a subalgebra A, such that for an arbitrary element f = f ( ) ∈ A, where f ( ) ∈ A , there exists a limit lim →0 f ( ) = ϕ(f ) ∈ C ∞ (M ). The following correspondence principle must
Moreover, for any pair of points
Consider now a real analytic Kähler manifold M , with Kähler metric g and associated Kähler form ω. Assume that there exists a (real analytic) global Kähler potential Φ : M → R. This function extends to a sesquianalytic function Φ(x,ȳ) on that neighbourhood of the diagonal in M × M such that Φ(x,x) = Φ(x). Consider
Calabi's diastasis function D g defined on a neighbourhood of the diagonal in M ×M by:
By its definition we see that Calabi's diastasis function is independent from the potential chosen which is defined up to the sum with the real part of a holomorphic function. Moreover, it is easily seen that D g is real-valued, symmetric in x and y and D g (x, x) = 0 (the reader is referred to [10] and [20] for more details on the diastasis function). and e −Dg F S (p,q) = 1 if and only if p = q (see [20] for details).
The following theorem is a reformulation of Berezin quantization result (see [13] and [21] ) in terms of Rawnsley ǫ-function and Calabi's diastasis function. We are now in the position to prove Corollary 1.3, namely that (C 2 \ {0}, ω S ) admits a Berezin quantization. 
It is not hard to see that ϕ is an injective Kähler immersion from (C 2 \ {0}, g S ) into (CP ∞ , g F S ) (see [24] for a proof). By Example 3.1, Calabi's diastasis function for all x, y ∈ C 2 \ {0},
is globally defined on C 2 \ {0} × C 2 \ {0}. Since, by Example 3.1, e −DF S (p,q) ≤ 1 for all p, q ∈ CP ∞ it follows that e −Dg S (x,y) ≤ 1 for all x, y ∈ C 2 \ {0} and since ϕ is injective one gets that e −Dg S (x,y) = 1 iff x = y. Hence, also Condition 2 is satisfied and this concludes the proof of the corollary.
4.
Balanced metrics on the blow-up of C n at the origin It is well known (see [9] and [31] ) that if mg is a balanced metric, namely the function ǫ mg is a positive constant, then mg is projectively induced via the coherent states map
In fact the relation between this map and the function ǫ mg can be read in the following formula due to Rawnsley (see [31] ):
Therefore, by Theorem 1.1 the metric mg S onC 2 is projectively induced for all m > 0. Another example of Kähler metric on the blow-upC 2 of C 2 at the origin is the celebrated Eguchi-Hanson metric g EH , namely the complete Ricci flat metric onC 2 whose Kähler form onC 2 \ H ∼ = C 2 \ {0} is given by
Recently in [11] , the first author of the present paper shows that the metric mg EH is not balanced (and hence not projectively induced via the coherent states map)
for any positive integer m. Hence, it is natural to see if there exist examples of complete metrics g on the blow-up of the Euclidean space at the origin such that mg is projectively induced but mg is not balanced for any m > 0. In this section we construct such a metric (the following construction work for all n ≥ 3) .
Let g be the generalized Simanca metric on the blow-upC 3 of C 3 at the origin whose Kähler form on C 3 \ {0} ∼ =C 3 \ H is given by
and H denotes the exceptional divisor arising by the blow-up construction (as in Section 2 one can show that ω, a priori defined only on C 3 \ {0}, extends to allC 3 ).
Notice that the generalizied Simanca metric is complete but its scalar curvature is not constant. One can show that the holomorphic map
follows from a result of Calabi (see [10] and [24] ) that ϕ extends to a Kähler immersion from (C 3 , g) into (CP ∞ , g F S ). Similarly, one can show that mg is projectively 
where dµ(z) = i 2π
By passing to polar coordinates one easily sees that the monomials {z and one easily see that ǫ mg is not constant. Thus, the metric mg is not balanced for any m > 0, as desired.
